An extensive one-dimensional laser model based on dispersion managed mode-locking is presented that accurately describes the pulse dynamics of octave-spanning Titanium:sapphire lasers generating sub-two-cycle pulses. By including detailed characteristics for the intracavity elements (mirrors and output coupler), it is demonstrated that the spectral output and temporal pulse shape of these lasers can be predicted quantitatively in very good agreement with experimental results.
Introduction
have been used to describe their behavior accurately, thus relating pulse energy to pulse duration [15] or including mirror characteristics for detailed output characteristics [16] . Numerical analysis of the spatio-temporal pulse dynamics, in terms of Gaussian beam propagation combined with DMM effects [17] , have been compared with analytical results based on the variational principle, including second-order dispersion, self-focusing, diffraction and secondorder dispersion of the mirrors [18, 19] .
The focus of this work is to extend the one-dimensional model, which describes the temporal dynamics, to include higher order material dispersion as well as the detailed mirror and output coupler characteristics, and to make a quantitative comparison between the DMM model and experimental results from sub-two-cycle, octave-spanning lasers. To our knowledge, the full spectral characteristics of dispersive mirrors and output couplers have never been taken into account to such an extent for sub-two-cycle laser systems. In addition, a comparison between the simulated output pulse and the retrieved pulse from two-dimensional spectral shearing interferometry (2DSI) [20] is performed for the first time. It is shown that the model can capture the octave-spanning output spectrum and the generated sub-two-cycle pulses in great detail, thereby allowing for a direct and precise comparison with experimental measurements. Thus, laser dynamics, stability, and steady-state spectral output can be predicted and optimized based on realistic parameters.
In this paper, we describe the numerical model based on the Nonlinear Schrödinger Equation for the crystal and then derive the different cavity parameters. Next, important intracavity elements and the experimental set-up are explained. In Section 4, the pulse dynamics in steady state for one round-trip are presented. Experimental output spectra for three different laser cavity configurations and laser parameters are compared with numerical results, and the impact of dispersion compensation and mirror ripples on laser performance is evaluated.
Model
To follow the femtosecond pulse generation in sub-two-cycle, octave-spanning laser systems, we conduct a numerical analysis based on a one-dimensional model and then compare the results with experimental data. We apply this analysis to three different cavity configurations, thus underlining the validity of the chosen approach, and demonstrate its capability to predict important laser characteristics such as pulse duration and shape, bandwidth, and spectral output.
The schematic set-ups of the considered femtosecond laser cavities are given in Fig. 1(a) for a ring and in Fig. 1(c) for a linear laser: In this work, we focus on prismless Ti:sapphire laser cavities that directly generate octave-spanning output spectra at low and high repetition rates [21, 22, 23, 24, 25] . All lasers developed in our group use custom-designed, double-chirped mirror (DCM) pairs, thereby enabling broadband dispersion compensation over almost one octave. For dispersion compensation, either BaF 2 or two wedges of fused silica (FS) and BaF 2 are inserted.
To obtain the best agreement with the experimental set-up, the various elements within the cavity are modelled as accurately as possible in terms of their physical characteristics.
The pulse dynamics for any Ti:sapphire laser are determined by the nonlinear propagation through the Ti:sapphire crystal and the linear evolution through the remaining passive cavity elements such as air path, mirrors, output coupler, and wedges. When taking into account the discrete impact, spatial location, and order of each intracavity element, the temporal evolution of the pulse and its spectral envelope for the cavity position z can be followed. Within the crystal, the pulse dynamics are described by Eq. (1), the Nonlinear Schrödinger Equation (NLS, [26] ): During each pass through the crystal, the pulse encounters gain saturation together with Lorentzian filtering g(z, t), dispersion of the Ti:sapphire crystal, self-phase modulation and the crucial Kerr-lens mode-locking, which is approximated by a fast saturable absorber q(z, t).
By assuming a slowly varying pulse envelope, A(z, t) in units of √W, Eq. (1) describes the pulse dynamics with regard to a retarded time frame t moving with the group velocity of the pulse. Step Fourier Method [26] to slices of propagation distance Δz within the crystal (see Fig. 1(b) ). To represent the studied laser system appropriately, the parameters were chosen as follows: The self-phase modulation coefficient δ = 2·π·n 2,L /(λ·A eff ) with n 2,L = 3·10 -7 (cm 2 /W) and λ = 800 nm is determined by the effective beam cross-section A eff in the crystal.
Because there is some experimental uncertainty associated with the value of the beam crosssection, (the beam radius was estimated to be 10 μm -20 μm), we assumed the cross-section so that δ = 4·10 -7 (Wmm) -1 , which agrees with values in [15, 17] . Once a specific A eff for the beam was fixed, the small signal gain and average gain saturation energy were calculated for a ring The saturation power for the saturable absorber was chosen as P Sat = 3 MW. This is equal to about one-third of the pulse peak power in the crystal (compare Fig. 3(a) ), so that the saturable absorber is best exploited to form stable pulses (cf. [27] ). The modulation depth of the saturable absorber was set to 5% and represents two to three times the estimated intracavity losses of the laser. This number is justified by the observation that, in order to obtain modelocking, the laser cavity is initially misaligned with a laser threshold that is two to three times higher than under optimum continuous-wave lasing conditions. Since the threshold for lasing is
, this condition gives an approximate value for the equivalent absorber modulation depth; assuming that, when mode-locked, the laser cavity realigns to maximize output power. As the major pulse shaping effects in the crystal are due to dispersion and self-phase modulation ( [15] ), gain filtering and saturable absorption largely stabilize the pulse against background radiation and scale the final pulse energy through the combined adjustment of the parameters. Therefore, slight deviations in the latter set of parameters have less effect on the pulse dynamics.
The material dispersion was determined by the refractive index n(ω), which was obtained from the Sellmeier equations for the different materials [29] . An exception was the refractive index of air, which was calculated by the Edlén formula [30] for a better agreement with the laboratory environment. The spectral phase term φ(ω) for each material incorporates secondorder and higher dispersive effects, and is proportional to the actual optical path length of that particular element. In order to include these phase contributions in the free-space section of the laser together with the spectral shaping of the double-chirped mirrors, a spectral transfer function with amplitude S(ω) and dispersive phase P(ω) for the linear, passive cavity elements was used.
For the ring laser cavity configuration in Fig. 1(a) , the pulse propagation outside the crystal is 
Experimental Set-up
The numerical model is applied to laser configurations found in the literature, which are referenced for details: a linear 200 MHz laser [22] , a 500 MHz ring laser [21, 23, 24] and a 1 GHz ring laser [25] . Using the 500 MHz ring laser as an example, the important cavity elements in this experimental set-up are explained.
The experimental set-up of an octave-spanning Ti:sapphire ring laser with a 2-mm-long crystal and a repetition rate of 500 MHz is presented (see Fig. 1(a) ). This configuration produces two outputs, a main, carrier-envelope (CE) phase stabilized pulse from the reflective output coupler and a 1f-2f output coupled out through the flat mirror M3, which is used for the detection of the carrier-envelope offset frequency in a 1f-2f interferometer (for details see [24] ).
This laser encompasses new, custom-designed DCMs, which were optimized to provide exact compensation of the material dispersion in the cavity while maintaining a smooth phase over a broad wavelength range [31, 32] . Their mirror characteristics are shown in Fig. 2(a) : The mirrors labelled M1 and M3 feature a pump window around 532 nm and 50% transmission around 1160 nm and 580 nm, which corresponds to the 1f -2f frequency components used for carrier-envelope phase stabilization of the laser [33] . Mirrors M2 and M4 are both of the same type and exhibit a high reflectivity over a broader wavelength window to support the build-up of a wide spectrum in the cavity. The group delay for the DCMs in the 500 MHz cavity is illustrated in Fig. 2(b) for the optimized design [31] and the measured mirrors, as determined by white-light interferometry for a normal incidence angle.
In this laser set-up, an output coupler in reflection is used that is coated onto the fused silica wedge. The output coupler has a 2% reflectivity for the main part of the spectrum ( Fig.   2(a) ). It allows the generation of a broad intracavity spectrum while reflectivities higher than 50% below 590 nm and above 1040 nm effectively enhance and couple out the spectral wings.
With such a reflective output coupler, the dispersive phase impact of the OC on the intracavity dispersion is less significant, since the phase in transmission is constrained by Kramers-Kronig relations [34] . Another special component of this laser cavity is the combination of two wedges consisting of fused silica and BaF 2 . To fine-tune the intracavity dispersion, the total inserted material thickness is changed, while at the same time allowing adjustment of the CE phase independently of the intracavity dispersion by interchanging the two materials [35] .
Results and Discussion

Pulse Dynamics
According to the dispersion managed mode-locking model, each pulse undergoes significant pulse broadening and compression during each cavity round-trip, depending on the material dispersion encountered in the respective section of the laser. While it is experimentally challenging to determine the actual pulse stretching within the laser cavity, simulations of the intracavity pulse propagation clearly capture the impact of each element on the pulse formation.
The numerical analysis follows the temporal and spectral breathing, as demonstrated in Fig. 3, for the 500 MHz laser: Starting at the geometric middle of the Ti:sapphire crystal (label 1 in Fig.   1(b) ), the pulse evolution in steady state for one cavity round-trip is displayed in Fig. 3(a) : The pulse duration reaches its relative minimum pulse full-width half-maximum in the crystal with 9 fs, which is slightly offset from the geometric middle of the crystal and mostly due to gain filtering and higher order dispersion effects. This minimum pulse duration with its corresponding spectral envelope is determined by interplay among the gain filtering, the chirp of the pulse, and the self-phase modulation, which generates new frequency components, filling up and even exceeding the gain bandwidth. Thus, the strength of the self-phase modulation encountered in the crystal is a major factor that influences the femtosecond pulse generation as the spectrum breathes within the crystal from a FWHM of 50 THz near the center (position 1) to 75 THz (position 2) in Fig. 3(b) . While the linear part of the cavity, mainly the mirrors, support the full spectrum, the pulse stretches and compresses according to the dispersion encountered from each cavity element. Under optimized dispersion compensation achieved through the wedge insertion, the pulse assumes a minimum pulse duration with a peak instantaneous power of ~9 MW at the output coupler (position 5 in Fig. 3(a) ), as well as after bouncing off M1 (position 8) before reentering the crystal again. From a minimum pulse duration of 5.7 fs, it stretches to 53 fs and is recompressed to 32 fs before re-entering the Ti:sapphire crystal.
Output Spectrum
After analyzing the intracavity pulse dynamics, the output spectrum for different laser configurations was examined and the impact of different types of output couplers evaluated: The linear 200 MHz laser has an output coupler in transmission in one of its arms, the 500 MHz laser has an output coupler in reflection, coated on a FS wedge, while the 1 GHz laser essentially uses a flat output coupler by reflecting off a BaF 2 wedge. The goal of the simulations was to predict the spectral bandwidth and shape of the output for comparable pulse energies and average output power (e.g., for the 500 MHz ring laser the average output power from the numerical analysis was 380 mW, which is in accordance with the measured output power of 350 mW [24] ). Each displayed power spectral density (PSD) curve in Figs. 4, 5, 6, whether from the experiment or the numerical analysis, is normalized to its maximum amplitude.
In Fig. 4(a) the output spectrum for the linear 200 MHz laser from the experimental setup and simulation is presented, and the numerical analysis predicts the output spectrum shape accurately. The ZnSe/MgF 2 output coupler enhances the wings relative to the main output, and the power transmission for the center wavelengths is 1% (see [22] ).
The reflection off the wedge, which generates the main output beam for the 1 GHz ring laser [25] , essentially corresponds to the intracavity spectrum, since no spectral shaping occurs by the output coupler. Fig. 4(b) shows the output spectrum and demonstrates how an ultra-broadband spectrum can be supported within the cavity because of this flat output coupler. A very good agreement between the simulated and measured spectrum on average can be noted, and small substructures occur with the same magnitude in both PSDs. The offset of ~10 nm between certain features in the experiment and the simulation suggests slight differences between the fabricated and the designed mirror data, since the 200 MHz and 1 GHz laser set-ups feature the same mirrors (which are different from the 500 MHz laser). In addition, deviations in the wavelength calibration of the measurement equipment used to characterize this particular laser set-up also explain the slight wavelength offset.
To emphasize the importance of the mirror characteristics, the numerical analysis for the 500 MHz ring laser [23, 24] is conducted with the designed and the experimentally measured mirror data. The difference between the two mirror descriptions is shown in the group delay (GD) of the DCMs, as illustrated in Fig. 2(b) . The measured group delay follows the designed group delay closely in the wavelength range of interest (the maximum deviation between both curves for the main part of the spectrum is ±2 fs), but it shows somewhat reduced oscillations in the long-wavelength regime when compared to the design.
The impact of these slight differences in the GD on the spectra can be seen in Figs. 5(a) and 5(b) , where the 500 MHz ring laser output spectra for the main output and the 1f-2f referencing beam is shown for three different cases: for simulations using the measured and designed mirror characteristics (i.e., reflectivity and dispersion), and for the experimentally wings are accurately reproduced and we can predict the optimized power levels achievable for the 1f and 2f output (with 1160 nm and 580 nm, as 1f and 2f frequencies, illustrated in Fig. 5(b) ) on the chosen normalized scale. When comparing the two numerical results for both the 1f-2f output and the main output, the PSD with the designed mirrors falls off slightly steeper in the long-wavelength regime (larger than 1160 nm). As the long wavelengths penetrate deeper into the mirror stacks, they are more prone to fabrication tolerances, which can explain the slight deviations. In addition, the oscillations in the group delay in Fig. 2(b) are more pronounced for the designed DCMs compared to the smoothed measured group delay for long wavelengths.
Considering these slight deviations between the designed and measured mirror data, the numerical analysis under two GD conditions predicts stable steady-state outputs, which in both cases compare well with the experimental results. At the same time, incorporating the measured mirror data enhances the agreement between experiment and simulation even further.
Dispersion Compensation
An important factor in optimizing the output spectrum is the overall dispersion compensation in the cavity: Fine-adjustment of the wedge thickness changes the intracavity GDD by a few fs 2 in a very precise fashion and relative changes in the wedge insertion can be determined very accurately in the experimental set-up. To examine the dependence of the spectral wings on the intracavity dispersion, the spectra for small dispersion variations related to changes in the wedge insertion were numerically evaluated. The impact of dispersion fine-adjustment is shown in Fig.   6 , where the main output spectrum of the 500 MHz laser is examined for different 
Mirror Ripples
The DCMs are designed in pairs to cancel ripples in the group delay, so that an overall smooth GD is achieved over a broad bandwidth. The impact of the GD ripples on the 200 MHz laser setup was studied, since the overall mirror oscillations are the most pronounced for this cavity containing 3 DCM pairs: To numerically determine the impact of the GD ripples on an absolute scale itself, the oscillations from the DCMs were extracted and the average GD ripple for each DCM amounted to ~15 fs. These were imposed with certain strengths on each individual mirror in the laser set-up. With stronger GD oscillations in the linear laser (up to double original magnitude, i.e., ripples of ~30 fs), but the same overall net GD at 800 nm, pulse generation was still possible at the cost of reduced pulse energies and smaller maximum instantaneous intensities. For enhanced mirror ripples, the trailing edge of the pulse envelope fell off slower, thus resulting in post-pulses and redistribution of energy into the wings of the pulse. Due to the larger perturbations seen at each mirror reflection, the number of round-trips until the steady state was reached increased by a factor of 2.
Output Pulse
For the 500 MHz ring laser the main output pulse was examined after it was externally compressed by four additional octave-spanning DCMs, a BaF 2 plate, and two thin FS wedges for fine-dispersion compensation. The transform-limited FWHM pulse duration extracted from the output spectrum could be reduced to 4.2 fs and 3.7 fs, according to simulation and experiment.
To evaluate the actual output pulse after compression, the numerical result was compared with the retrieved pulse from two-dimensional spectral shearing interferometry (2DSI) measurements [20, 21, 24] , as shown in Fig. 7 . The pulse shape and pulse duration of 4.9 fs are exactly reproduced. This result shows that sub-two-cycle pulse generation in Ti:sapphire oscillators can be very well captured with the described one-dimensional temporal model.
Conclusions
We demonstrate that a one-dimensional numerical analysis can accurately describe the laser dynamics of octave-spanning lasers that generate sub-two-cycle pulses for different cavity configurations, by using measured (or designed) mirror dispersion and reflectivity and the dispersion of the other intracavity elements. Our approach shows that the impact of the DCMs and the output coupler on the pulse dynamics and their spectral details are very well captured by this analysis. By optimizing the dispersion compensation and including the experimental device characteristics, we can predict the best achievable performance in terms of output spectrum, the enhancement of spectral wings, and achievable output pulse shape and duration in an actual experimental set-up. Thus, the presented numerical model is a powerful tool for the analysis, design, and optimization of laser components and the general design of octave-spanning lasers. spectrum for the 500 MHz ring laser. In both cases the measured spectrum is compared with the simulated output spectra using the designed and experimentally determined DCM data. Each PSD curve is normalized to its maximum amplitude in the center part of the spectrum. Fig. 1(a) . spectrum for the 500 MHz ring laser. In both cases the measured spectrum is compared with the simulated output spectra using the designed and experimentally determined DCM data. Each PSD curve is normalized to its maximum amplitude in the center part of the spectrum. 
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